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In the example (sector bending magnet) In the example (sector bending magnet) LL > > LL00 so that so that ααααααααCC > 0> 0
Higher energy particles will leave the magnet later.Higher energy particles will leave the magnet later.
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Consider two particles with different momentum on parallel trajeConsider two particles with different momentum on parallel trajectories:ctories:
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•• This path length dependence on momentum applies everywhere,This path length dependence on momentum applies everywhere,
also in straight trajectories.also in straight trajectories.

At a given instant At a given instant tt::

ButBut::

•• The effect quickly vanishes for relativistic particles.The effect quickly vanishes for relativistic particles.

•• Higher momentum particles precede the ones with lower momentum.Higher momentum particles precede the ones with lower momentum.
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•• In this reference frame we can combine the previous results andIn this reference frame we can combine the previous results and
obtain for the obtain for the path length dependence on momentumpath length dependence on momentum::

•• We define as the We define as the reference orbitreference orbit the trajectory of length the trajectory of length LL00 that the that the 
reference particlereference particle with nominal energy with nominal energy EE00 describes between describes between AA and and BB. . 
The position The position ss of a generic particle will be referred to of a generic particle will be referred to ss00, the position of , the position of 

the reference particle on the reference orbitthe reference particle on the reference orbit ::

•• Let’s consider a particle moving in a region in the Let’s consider a particle moving in a region in the 
presence of electric and magnetic fields. Under the presence of electric and magnetic fields. Under the 

action of such fields, the particle will define a action of such fields, the particle will define a 
trajectory of length trajectory of length LL between the points between the points AA and and BB..

ds

A

B

particlereferencetheprecedesparticlethesfor 0<∆

Where the constantWhere the constant ηηηηηηηηCC = = γγγγγγγγ--22 –– ααααααααCC isis
called thecalled the momentum compactionmomentum compaction
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( ) qVsdtrEqE
L

F =⋅=∆ � ,
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•• We define as We define as VV the voltage gainthe voltage gain for the particle. for the particle. 
VV depends only on the particle trajectory and includes the contridepends only on the particle trajectory and includes the contribution of bution of 

every electric field present in the area (RF fields, space chargevery electric field present in the area (RF fields, space charge fields, e fields, 
fields due to the interaction with the vacuum chamber, …)fields due to the interaction with the vacuum chamber, …)

•• The particle can also experience The particle can also experience energy variations energy variations UU((EE) that depend also ) that depend also 
on its energyon its energy, as for the case of the radiation emitted by a particle under , as for the case of the radiation emitted by a particle under 
acceleration (synchrotron radiation when the acceleration is traacceleration (synchrotron radiation when the acceleration is transverse).nsverse).

ds

E(r, t)A
B

•• The energy gain for a particle that moves from The energy gain for a particle that moves from AA to to BB is given by:is given by:

•• The total energy variation will be given by the sum of the two The total energy variation will be given by the sum of the two terms:terms:

( )EUqVET +=∆
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( ) ( ) ( )000 EUsqVsET +=∆

The energy variation for the reference particle is given by:The energy variation for the reference particle is given by:

For particle with energy For particle with energy E = EE = E00 + + ∆∆∆∆∆∆∆∆EE and orbit position and orbit position s = ss = s00 + + ∆∆∆∆∆∆∆∆ss::
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Where the last expression holds for the case whereWhere the last expression holds for the case where
∆∆∆∆∆∆∆∆s << Ls << L00 (reference orbit length) and (reference orbit length) and ∆∆∆∆∆∆∆∆E << EE << E00..

In this approximation we can express the average rate of change In this approximation we can express the average rate of change of of 
the energy respect to the reference particle energy by:the energy respect to the reference particle energy by:
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In the present approximation of small In the present approximation of small ∆∆∆∆∆∆∆∆ss and and ∆∆∆∆∆∆∆∆EE, the average rate of change , the average rate of change 
of the particle position respect to the reference particle positof the particle position respect to the reference particle posit ion is:ion is:
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But:But: and remembering:and remembering:
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Finally, by defining the quantities:Finally, by defining the quantities:

We obtain the equations of motion for the longitudinal plane:We obtain the equations of motion for the longitudinal plane:
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We will study the case of storage rings where We will study the case of storage rings where dVdV//dsds is mainly due to the is mainly due to the 
RF system used for restoring the energy lost per turn by the beaRF system used for restoring the energy lost per turn by the beam.m.
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This expression is the well known This expression is the well known 
damped harmonic oscillator equation, damped harmonic oscillator equation, 

which has the general solution:which has the general solution:
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The stable solution represents an oscillation with frequency The stable solution represents an oscillation with frequency 22ππππππππ ΩΩΩΩΩΩΩΩ and with and with 
exponentially decreasing amplitude.exponentially decreasing amplitude.
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Damping in the Case ofDamping in the Case of
Storage RingsStorage Rings

Storage Rings
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•• The case of damped oscillations is exactly what we want for stoThe case of damped oscillations is exactly what we want for storing ring 
particles in a storage ring.particles in a storage ring.
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•• The synchrotron radiation (SR) emitted when particles are on a The synchrotron radiation (SR) emitted when particles are on a curved curved 
trajectory satisfies the condition. The SR power scales as: trajectory satisfies the condition. The SR power scales as: 

( ) ( ) radiustrajectoryPdtdU SR ≡−−=−∝−= ρργρβγ 22224 1

•• Typically, synchrotron radiation damping is very efficient in eTypically, synchrotron radiation damping is very efficient in electron lectron 
storage rings and negligible in proton machines.storage rings and negligible in proton machines.

•• The The damping timedamping time 1/1/ααααααααDD (~ ms for e(~ ms for e--, ~ 13 hours LHC at 7 , ~ 13 hours LHC at 7 TeVTeV) is usually ) is usually 
much larger than the period of the longitudinal oscillations  much larger than the period of the longitudinal oscillations  1/21/2π π π π π π π π Ω Ω Ω Ω Ω Ω Ω Ω (~(~ µµµµµµµµs). s). 

This implies that the damping term can be neglected when calculaThis implies that the damping term can be neglected when calculating the ting the 
particle motion for particle motion for t t << << 1/1/ααααααααDD ::
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Let’s consider a storage ring with reference trajectory of lengtLet’s consider a storage ring with reference trajectory of length h LL00::
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In a storage ring the at equilibrium:In a storage ring the at equilibrium:
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Where Where UU00 is the energy lost per turn and is the energy lost per turn and VV is integrated over turn.is integrated over turn.

For our storage ring:For our storage ring:



13

Fundamental Accelerator Theory, Simulations and Measurement Lab – Arizona State University, Phoenix  January 16-27, 2006

The SynchrotronThe Synchrotron
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IfIf Additionally:Additionally:

Synchrotron OscillationsSynchrotron Oscillations

A different set of variables:A different set of variables:

ForFor ∆∆∆∆∆∆∆∆s << Ls << L00 and and ∆∆∆∆∆∆∆∆E << EE << E00..
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We just found:We just found:

This equation represents an ellipse in theThis equation represents an ellipse in the
longitudinal phase space {longitudinal phase space {ϕϕϕϕϕϕϕϕ, , δδδδδδδδ}}
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With damping:With damping:

In rings with negligible synchrotron radiation (or with negligibIn rings with negligible synchrotron radiation (or with negligible le 
nonnon--Hamiltonian forces, the longitudinal Hamiltonian forces, the longitudinal emittanceemittance is conserved.is conserved.

This is the case for heavy ion and for most proton machines. This is the case for heavy ion and for most proton machines. 
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Phase StabilityPhase Stability
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We showed that for the synchronous phase:We showed that for the synchronous phase:
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For positive charge particles:For positive charge particles:

For negative charge For negative charge 
particles all the phases particles all the phases 

are shifted by are shifted by ππππππππ..
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Crossing the transition energy Crossing the transition energy 

during energy ramping requires during energy ramping requires 
a phase jump of ~ a phase jump of ~ ππππππππ

We define as We define as transition transition 
energyenergy the energy at the energy at 

which which ηηηηηηηηCC changes sign.changes sign.
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Large AmplitudeLarge Amplitude
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S
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So far we have used the So far we have used the small oscillation approximationsmall oscillation approximation where:where:

In the more general case of larger phase oscillations:In the more general case of larger phase oscillations:

( ) ( ) ( )ϕϕϕϕψ +≅+=∆ SST VqqVE sinˆ

•• Stable and unstable orbits exist. The two regions are separatedStable and unstable orbits exist. The two regions are separated by a special by a special 
trajectory called trajectory called separatrixseparatrix

•• Larger amplitude orbits have smaller synchrotron frequenciesLarger amplitude orbits have smaller synchrotron frequencies

δ

ϕϕϕϕϕϕϕϕϕSS = = 00 or or ππππππππ Separatrices

RF “ Buckets”

And by Numerical integration:And by Numerical integration:

•• For larger amplitudes, trajectories in the phase space are not For larger amplitudes, trajectories in the phase space are not ellipsis ellipsis 
anymore.anymore.
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Momentum AcceptanceMomentum Acceptance
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ϕϕϕϕϕϕϕϕSS ≠≠≠≠≠≠≠≠ 00 or or ππππππππ

The RF bucket is the area of the longitudinal phase space where The RF bucket is the area of the longitudinal phase space where a particle a particle 
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The The momentum acceptancemomentum acceptance is defined as the maximum momentum that a is defined as the maximum momentum that a 
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Bunch LengthBunch Length
Storage Rings

Longitudinal Dynamics
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•• In electron storage rings, the statistical emission of synchrotIn electron storage rings, the statistical emission of synchrotron radiation ron radiation 
photons generates photons generates gaussiangaussian bunches.bunches.

•• The over voltage The over voltage QQ is usually large so that the core of the bunch “ lives”  in is usually large so that the core of the bunch “ lives”  in 
the small oscillation region of the bucket. The equation of motithe small oscillation region of the bucket. The equation of motion in the on in the 

phase space are elliptical:phase space are elliptical:
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•• If If σσσσσσσσpp//pp00 is the is the rmsrms relative momentum spreadrelative momentum spread of the of the gaussiangaussian distribution, distribution, 
then the then the rmsrms bunch lengthbunch length is given by:is given by:
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•• In the case of heavy ions and of most of protons machines, the In the case of heavy ions and of most of protons machines, the whole RF whole RF 
bucket is usually filled with particles. The bunch length bucket is usually filled with particles. The bunch length ll is then proportional is then proportional 

to the difference between the two extreme phases of the to the difference between the two extreme phases of the separatrixseparatrix::

( ) πλϕϕ 212 RFl −=
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Effects of theEffects of the
Synchrotron RadiationSynchrotron Radiation
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•• A charged particle when accelerated radiates.A charged particle when accelerated radiates.
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•• In high energy storage rings transverse acceleration induces siIn high energy storage rings transverse acceleration induces significant gnificant 
radiation (synchrotron radiation) while longitudinal acceleratioradiation (synchrotron radiation) while longitudinal acceleration generates n generates 

negligible radiation (negligible radiation (1/1/γγγγγγγγ22).).
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•• Synchrotron radiation plays a major role in the dynamics of an Synchrotron radiation plays a major role in the dynamics of an electron electron 
storage ringstorage ring

radiuselectronclassicalre ≡

curvaturetrajectory≡ρ
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Energy Lost per TurnEnergy Lost per Turn
Storage Rings
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•• For relativistic electrons:For relativistic electrons:
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•• In the case of dipole magnets with constant radius In the case of dipole magnets with constant radius ρ ρ ρ ρ ρ ρ ρ ρ ((isoiso--magneticmagnetic case):case):
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•• The average radiated power is given by: The average radiated power is given by: 
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Damping CoefficientsDamping Coefficients
Storage Rings

Longitudinal Dynamics
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By performing the calculation one obtains:By performing the calculation one obtains:
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Where Where DD depends on the lattice parameters.depends on the lattice parameters.
For the For the isoiso--magnetic separate functionmagnetic separate function case:case: πρ
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Analogously, for the transverse plane:Analogously, for the transverse plane:
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Sometimes the Sometimes the partition numberspartition numbers are used:are used:
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Quantum Nature of Quantum Nature of 
Synchrotron RadiationSynchrotron Radiation

Storage Rings
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F. Sannibale

•• We saw that synchrotron radiation induces damping in all the We saw that synchrotron radiation induces damping in all the 
planes.planes.

•• Because of that, one would expect that all the particles shouldBecause of that, one would expect that all the particles should
collapse in a single point.collapse in a single point.

•• This This does notdoes not happen because of the happen because of the quantum nature of quantum nature of 
synchrotron radiationsynchrotron radiation..

•• In fact, photons are randomly emitted in quanta of discrete In fact, photons are randomly emitted in quanta of discrete 
energy and every time a photon is emitted the parent electron energy and every time a photon is emitted the parent electron 

undergoes to a “ jump”  in energy.undergoes to a “ jump”  in energy.

•• Such a process perturbs the electron trajectories exciting Such a process perturbs the electron trajectories exciting 
oscillations in all the planes.oscillations in all the planes.

•• These oscillations grow until reaching These oscillations grow until reaching equilibriumequilibrium when balanced when balanced 
by the radiation damping.by the radiation damping.



23

Fundamental Accelerator Theory, Simulations and Measurement Lab – Arizona State University, Phoenix  January 16-27, 2006

EmittanceEmittance and and 
Momentum SpreadMomentum Spread
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•• At equilibrium the momentum spread is given by:At equilibrium the momentum spread is given by:
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•• For the horizontal For the horizontal emittanceemittance at equilibrium:at equilibrium:

( ) ηηαηγηβ ′++′= TTTsH 222
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•• In the vertical plane, when no vertical bend is present, the syIn the vertical plane, when no vertical bend is present, the synchrotron nchrotron 
radiation contribution to the equilibrium radiation contribution to the equilibrium emittanceemittance is very small and the is very small and the 

vertical vertical emittanceemittance is defined by machine imperfections and is defined by machine imperfections and nonlinearitiesnonlinearities
that couple the horizontal and vertical planes:that couple the horizontal and vertical planes:
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Time Scale inTime Scale in
Storage RingsStorage Rings

Storage Rings
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At this point we have discussed the motion of a particle in an At this point we have discussed the motion of a particle in an 
accelerator for all the planes.accelerator for all the planes.

Damping:Damping: several ms for electrons, ~ infinity for heavier particlesseveral ms for electrons, ~ infinity for heavier particles

It can be helpful remarking the time scale for the different It can be helpful remarking the time scale for the different 
phenomena governing the particle dynamics.phenomena governing the particle dynamics.

BetatronBetatron oscillations:oscillations: ~ tens of ns~ tens of ns

Synchrotron oscillations:Synchrotron oscillations: ~ tens of ~ tens of µµµµµµµµss

Revolution period:Revolution period: ~ hundreds of ns to ~ hundreds of ns to µµµµµµµµss
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Possible HomeworkPossible Homework
Storage Rings
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•• Calculate the synchrotron frequency and tune for the ALS when tCalculate the synchrotron frequency and tune for the ALS when the ring he ring 
is operating in the following configuration: RF = 500 MHz, harmois operating in the following configuration: RF = 500 MHz, harmonic nic 

number = 328, E = 1.9 number = 328, E = 1.9 GeVGeV, momentum compaction = 0.00137, energy lost , momentum compaction = 0.00137, energy lost 
per turn = 279 per turn = 279 keVkeV, peak RF voltage = 1.3 MV., peak RF voltage = 1.3 MV.

•• Calculate the ratio between the synchrotron radiation power radCalculate the ratio between the synchrotron radiation power radiated by iated by 
a particle in the Large a particle in the Large HadronHadron ColliderCollider (LHC), the proton (LHC), the proton collidercollider at CERN, at CERN, 
and the one radiated by a particle in the Advanced Light Source and the one radiated by a particle in the Advanced Light Source (ALS), the (ALS), the 
electron storage ring in Berkeley. The magnet bending radius is electron storage ring in Berkeley. The magnet bending radius is ~2810 m ~2810 m 

and ~5 m and the particle energy is 7000 and ~5 m and the particle energy is 7000 GeVGeV and 1.9 and 1.9 GeVGeV for the LHC and for the LHC and 
the ALS respectively. (Remember that the electron mass is 9.1095the ALS respectively. (Remember that the electron mass is 9.1095 1010--3131 Kg Kg 

while the proton one is 1.6726 10while the proton one is 1.6726 10--2727 Kg) Kg) 

•• Calculate the general solution for the damped harmonic oscillatCalculate the general solution for the damped harmonic oscillator or 
equationequation

•• Calculate the momentum acceptance for the ALS ring. Compare it Calculate the momentum acceptance for the ALS ring. Compare it with with 
the acceptance value that the ring would have for zero synchronothe acceptance value that the ring would have for zero synchronous us 

phase.phase.


